Massive bigravity models are interesting alternatives to standard cosmology. In most cases however these models have been studied for a simplified scenario in which both metrics take homogeneous and isotropic forms (Friedmann-Lemaître-Robertson-Walker; FLRW) with the same spatial curvatures. The interest to consider more general geometries arises in particular in view of the difficulty so far encountered in building stable cosmological solutions with homogeneous and isotropic metrics. Here we consider a number of cases in which the two metrics take more general forms, namely FLRW with different spatial curvatures, Lemaître, Lemaître-Tolman-Bondi (LTB), and Bianchi I, as well as cases where only one metric is linearly perturbed. We discuss possible consistent combinations and find that only some special cases of FLRW-Lemaître, LTB-LTB and FLRW-Bianchi I combinations give consistent, non-trivial solutions.
I. INTRODUCTION
The standard ΛCDM model of cosmology is based on four main assumptions: general relativity (GR) is the correct description of gravitational interactions at energies below the Planck scale, the Universe is homogenous and isotropic on large scales (the cosmological principle), the energy content of the Universe is mainly in the form of cold dark matter (CDM) and a non-dynamical cosmological constant Λ, and all the structure that we see around us originated from nearly Gaussian, adiabatic and scale-independent quantum fluctuations at early times. All these assumptions have been tested with high precision using various cosmological data and seem to be in excellent agreement with all existing observations. There are however various theoretical reasons why one may want to go beyond this standard framework. In particular, the assumption that the late-time acceleration of the Universe is due to a cosmological constant term has been strongly questioned from the theoretical point of view, as its small but nonzero value preferred by observations cannot be explained by fundamental physics [1] . It is therefore important and quite natural to ask whether the cosmic acceleration can be explained by a different mechanism than a pure cosmological constant. One particular possibility, which has attracted remarkable attention over the last decade, is that a modification of GR on very large scales might be responsible for the acceleration (see Refs. [2, 3] for comprehensive reviews). One of the interesting such infrared modifications is to assume that gravitons are not massless as opposed to what GR tells us. A nonzero but sufficiently small graviton mass modifies properties of the gravitational interactions on very large scales while leaving them indistinguishable from the predictions of standard gravity on small scales where GR is believed to be at work.
GR is a consistent and nonlinear theory of massless gravity, and therefore has given the possibility of constructing various cosmological models. In order to test the implications of massive gravity for cosmology, one similarly needs a nonlinear and consistent theory for massive gravitons. Such a theory was however not available for more than 70 years after the construction of a linear theory of massive gravity by Fierz and Pauli in 1939 [4] . This was mainly because any attempts at constructing a nonlinear completion of the Fierz and Pauli theory would face a serious obstacle; the theory would suffer from the existence of the so-called Boulware-Deser (BD) ghost degrees of freedom [5] , a property which would be fatal to the theory. It was only a few years ago that a ghost-free and fully nonlinear formulation of massive gravity, and its bimetric extension, was constructed [6] [7] [8] [9] [10] [11] [12] [13] [14] (see Ref. [15] for a recent review). The key step for this success was to extend the gravitational sector by at least one new spin-2 tensor field with metric-like properties. In addition, in order to avoid the BD ghost, the physical metric of the theory has to interact with the new tensor field in a very specific way. In the simplest version of the theory, referred to as the de Rham-Gabadadze-Tolley (dRGT) theory of massive gravity, only the physical metric, the one which interacts with the matter sector in the standard way, is dynamical, i.e. has an Einstein-Hilbert term in the action, while the second metric, often called "reference" metric, does not have dynamics. In this case gravitons posses five degrees of freedom. In the bimetric version of the theory, referred to as the Hassan-Rosen theory of bigravity, the reference metric is also given dynamics and therefore gravitons posses seven degrees of freedom, corresponding to one massless and one massive graviton. This is the objective of the present paper.
Inhomogeneous and anisotropic solutions in bigravity have been studied in the literature. This includes Bianchi cosmologies where both metrics are homogeneous and anisotropic [30, 79] , as well as cosmologies with the physical metric being FLRW and the reference metric being inhomogeneous [26] . In this paper we study various combinations of FLRW and non-FLRW metrics in a systematic and more general way, and investigate for which combinations consistent solutions to the equations of motion exist. Our aim is to identify such combinations without further exploration of their implications for cosmology; we leave this for future work.
The rest of this paper is organized as follows. In section II we review the Hassan-Rosen theory of singly-coupled bigravity and present the field equations and Bianchi constraints. In section III we study various combinations of FLRW, inhomogeneous and anisotropic solutions for the metrics of the theory. We start this in section III A with the case where both metrics are of the FLRW form but have different spatial curvatures. Since, as we will see, this will force the metrics to be of the Lemaître form, we study those solutions in the same section. We move on in section III B with the combinations where one metric is FLRW and the other one is of the Lemaître-Tolman-Bondi (LTB) form, and in section III C we investigate the solutions where both metrics are LTB. Combinations of FLRW and anisotropic but homogeneous metrics are studied in section III E in the context of Bianchi type I solutions. In all these sections we discuss the consistency of the solutions when matter sources respect or violate the homogeneity or anisotropy assumptions. In section IV we go beyond the background solutions and investigare the scenarios where one metric is perturbed while the other one is kept unperturbed. Our discussions are based on both scalar and tensor perturbations. We discuss our results and conclude in section V.
II. THE THEORY OF MASSIVE BIGRAVITY
The Hassan-Rosen theory of ghost-free, massive bigravity is characterized by the action [13] 
where M g and M f are Planck masses and R g and R f are the Ricci scalars for the metrics g µν and f µν , respectively. Here g µν is the standard, physical metric coupled to matter fields Φ through the matter Lagrangian L m , and f µν is the reference metric. The action contains five interaction (mass) terms given in terms of five functions e n . These are the elementary symmetric polynomials of the eigenvalues of the matrix g −1 f , where g −1 f g −1 f ≡ g µν f µν . The forms of these polynomials are presented in, e.g., Ref. [13] . The quantities β n (n = 0, 1, 2, 3, 4) are free parameters of the theory, and m is the mass parameter. In the following we express masses in units of M 2 g and absorb m 4 into the parameters β n (m is not an independent parameter of the theory). The action then becomes
By varying the action (2) with respect to g µν one obtains the generalized Einstein equation for the physical metric,
where R g µν is the g-metric Ricci tensor, and the matrices Y (n) (X) are defined as [13] 
where X ≡ g −1 f , I is the identity matrix, and [...] is the trace operator.
By varying the action (2) with respect to the reference metric f µν we obtain
where R f µν is the f -metric Ricci tensor. Under the rescaling f µν → M −2 f f µν , the Ricci scalar R f transforms as
The interaction terms in the action then transform as
Since the elementary symmetric polynomials e n (X) are of order X n , the rescaling of f µν by a constant factor M −2 f translates into a redefinition of the coupling constants β n → M n f β n , which allows us to assume M f = 1.
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In addition to the equations of motion for the metrics, there are additional constraints on the dynamics of the metrics coming from the Bianchi identities and the assumption that the stress-energy-momentum tensor of the matter components is conserved,
where ∇ g is the covariant derivative operator with respect to g µν . Any acceptable bigravity solution must satisfy the generalized Einstein equations (3) and (4), as well as the Bianchi constraint (7). In the rest of this paper, we investigate various types of the physical and reference metrics, and identify the ones which are consistent with these conditions.
III. CONSISTENCY OF BACKGROUND SOLUTIONS WITH DIFFERENT METRIC COMBINATIONS
A. FLRW metrics with different spatial curvatures: the need for a Lemaître reference metric
We begin our investigation of bigravity with non-standard metric forms by considering the solutions for which both metrics g µν and f µν are FLRW with generic spatial curvatures k g and k f , where k g , k f = 0, ±1. The usual background analysis of the cosmology of bigravity assumes k g = k f . The reason is partly due to the significant simplification of the calculations in this case, and in addition it seems intuitively reasonable to assume that the two metrics respect the same symmetries and geometries. More complicated cases, however, cannot be excluded a priori. Let us therefore leave the choices for k g and k f completely generic and study this case in terms of the consistency of cosmological solutions. Before we continue we note that this case has previously been studied in Ref. [55] and shown to be inconsistent using the Bianchi constraint. In the following we however use the implications of the Bianchi constraint in this case as a tool to systematically construct a particular metric combination, FLRW-Lemaître, which is consistent. Therefore, although our results are in agreement with the findings of Ref. [55] , our approach and objectives are different.
With the assumptions made above the most general forms for the metrics are
where
r, θ and φ are spherical coordinates, a and b are the scale factors for g µν and f µν , respectively, and X is the lapse for f µν . Inserting these metric forms into the Bianchi constraint (7) yields the condition
on the f -metric lapse X, where
, and an overdot denotes a derivative with respect to t. Since the scale factors a and b depend only on time, it is clear from this expression that X cannot be a function of time only and is in general a function of both t and r unless k g = k f . This therefore shows that FLRW solutions for the two metrics with different spatial curvatures are not allowed, already at the level of the Bianchi constraint. Now assuming that X is a function of both t and r, eq. (7) places a constraint on the f -metric scale factor b,
where a prime denotes a derivative with respect to r. We see from this equation that for general choices of the lapse X, the scale factor b should also be a function of both t and r. It can be shown that the metrics (8) and (9) with both X and b being functions of both r and t cannot be reformulated in FLRW forms by any coordinate transformations (see appendix A for a detailed proof). We therefore conclude that FLRW metrics with different spatial curvatures are not consistent. Let us now assume that X and b are both functions of r and t. Using the Bianchi constraint (7), we arrive at the expressions
We can therefore see that because of different curvatures of reference and physical metrics, the reference metric takes a spherically symmetric and inhomogeneous form, where the lapse and all scale factors are functions of both r and t.
The most general metric forms corresponding to this case are
The metric f µν in eq. (17) has a generic spherically symmetric and inhomogeneous form. In the literature [81, 82] , this type of metric is called Lemaître metric [83] , and the cosmological model built on this metric is called Lemaître model. In GR, the Lemaître metric arises when we have inhomogeneous matter sources [82, 84] , in particular when the pressure and density are functions of both temporal and spatial coordinates. In the special case of dust or homogenous pressure the Lemaître metric reduces to the so-called Lemaître-Tolman-Bondi (LTB) metric, where the lapse does not depend on the spatial coordinates and can be rescaled.
All our arguments so far for the metrics to take the forms (16) and (17) when we assume unequal curvatures were based only on the Bianchi constraint (7). We can however arrive at the same conclusions by analyzing the Einstein equations. Assuming k g = k f for the metrics with FLRW forms, we have a nonvanishing (1 − k g r 2 )/(1 − k f r 2 ) factor in the Einstein equations for the terms corresponding to the interactions between the two metrics. The interaction part in the f -metric Einstein equation plays the role of an inhomogeneous source for f µν , which forces it to take a Lemaître form. For the g µν metric, there is a coupling to the matter source, and by taking an inhomogeneous matter source one can in principle cancel the inhomogeneities coming from the interaction terms; as a result, g µν can maintain its homogenous FLRW form. This confirms our finding that the metrics should have the forms (16) and (17) where the matter source is inhomogeneous.
Let us now derive the explicit forms of the Einstein equations for the metrics (16) and (17) . As argued above, we assume that the stress-energy-momentum tensor of the matter source coupled to the physical metric has an inhomogeneous perfect-fluid form,
where ρ and p are, respectively, the energy density and pressure for the matter source. For simplicity, here we consider only the k g = 0 case. The g-metric Einstein equations for this case read
The equations of motion for f µν are too unwieldy to be displayed here. One can find the equations for the most general case in Ref. [53] . We see from eqs. (19)- (21) that with an appropriate choice of ρ and p it is in principle possible to find a function a (t) which satisfies the equations of motion.
In conclusion, our bigravity theory does not allow two FLRW metrics with different spatial curvatures, while it is possible to have a combination of FLRW and Lemaître forms for the metrics g µν and f µν , respectively, if the matter source takes an inhomogeneous form. In the opposite case of a Lemaître form for g µν and an FLRW form for f µν , the equation of motion for f µν will contain a homogenous Einstein tensor part and an inhomogeneous interaction part. Since f µν does not couple to matter, the inhomogeneities cannot be cancelled and therefore this metric combination in general does not have consistent solutions.
B. FLRW-LTB and LTB-FLRW combinations
The next possibility we wish to explore is the case where one of the metrics is FLRW and the other one is LTB. For the case where g µν is FLRW and f µν is LTB (we denote this as FLRW-LTB), the line elements have the forms
where again dΩ
Here we assume that g µν has a curvature k g . In addition we follow the standard recipe for LTB metrics and assume that the physical metric is coupled to a homogeneous perfect-fluid source. In this case the (0, 0) and (1, 1) components of the g µν equation of motion become
Here we have assumed the stress-energy-momentum tensor for the isotropic and homogeneous perfect fluid to be of the standard form
where ρ = ρ(t) is the rest energy density of the fluid, p = p(t) is its pressure, and u µ 0 is its isotropic four-velocity. It is clear from eq. (25) that in general Z cannot be a function of r since all the other quantities in the equation, including the f -metric lapse X, are functions only of t. If Z is a function of t only, in order to satisfy eq. (24) Y should be of the form Y (t, r) = A(t)/ 1 − k g r 2 , where A(t) is an arbitrary function of t. This then implies that the reference metric should also be of an FLRW type with the same curvature k g .
In the opposite case, where the physical metric is LTB and the reference metric is FRLW (we denote this as LTB-FLRW), we have
The (0, 0) and (1, 1) components of the f µν equation of motion then read
Similarly to the case for g µν , here we again see from eq. (30) that Z in general cannot depend on r. Eq. (29) therefore implies that Y should have the form Y (t, r) = B(t)/ 1 − k f r 2 , where B (t) is again an arbitrary function of t. This form for Y then brings the physical metric into an FLRW type, again with the same curvature as the reference metric.
It is important to note that in both metric combinations discussed above the Bianchi constraint is not satisfied, and since we get the Bianchi constraint using the covariant conservation of the stress-energy-momentum tensor, we can therefore state that in general neither FLRW-LTB nor LTB-FLRW can occur for any choices of covariantly conserved T g µν .
C. LTB-LTB combination
Let us now study the case where both metrics g µν and f µν are of LTB forms (we denote this as LTB-LTB),
In this case the 0 component of the Bianchi constraint (7) enforces the f -metric lapse X(t) to satisfy the equation
The constraint (33) holds when
where s and q are functions of r only, obtained through solving Einstein equations. In addition, the (1, 2) component of the equation of motion for g µν becomes
For f µν the corresponding equation is
From these equations we obtain the following relations between B(t), A(t), Z(t) and Y (t):
We therefore find that A(t) = C 1 B(t) and Y (t) = C 2 Z(t), where C 1 and C 2 are some arbitrary constants. We obtain another useful constraint on our functions from the (2, 2) component of the g µν equation of motion,
It is easy to see that the r-dependent part of the left hand side of eq. (44) is s 2 (r). The right hand side of eq. (44) should also have the same dependence on r in order for the r-dependence of both sides of the equation to cancel out. Therefore in this case we have
where C 3 is another arbitrary constant. From the (3, 3) component of the equation of motion for g µν we find
Eqs. (45) and (46) are the conditions which should be fulfilled by s and q for the consistency of the Einstein equations for both g µν and f µν . In summary, we find that the LTB-LTB combination is consistent only for particular subclasses of LTB metrics which satisfy all the conditions stated above.
D. Bianchi I-FLRW combination
We would also like to investigate the cases where one of the two metrics is homogeneous but anisotropic while the other one is both homogeneous and isotropic (i.e. has an FLRW form). Here we consider only Bianchi type-I models, which are the simplest anisotropic models and capture most of the interesting anisotropic effects. The general properties of the cases where both metrics are anisotropic, simultaneously diagonal, and of the same Bianchi types within the Bianchi class A, which includes types I, II, VI 0 , VII 0 , VIII, and IX, are discussed in Ref. [79] ; we therefore do not consider those cases in this paper. As discussed in section I, our main motivation for studying non-FLRW solutions in bigravity is the potential resolution of the problems with the standard scenario, in particular the instability issues, in this framework. However there are also theoretical and observational arguments [85] in support of an anisotropic phase in the early Universe which approached isotropy at later times. It is therefore interesting also from this perspective to see whether such solutions are allowed in bigravity (see Ref. [79] for other motivations for studying anisotropies in bigravity, including a potentially interesting connection to dark matter).
Bianchi type-I, or simply Bianchi I, models are spatially homogenous and flat but the expansion rate is directiondependent. In GR, these models have been studied for different sources with the equation of state p = ωρ. It has been shown in Ref. [86] that for cases with ω < 1 the anisotropic models evolve towards an FLRW universe, while for ω = 1 the process of isotropization does not take place. In the present study of Bianchi metrics we do not consider the question of isotropization and only investigate the consistency of such solutions in terms of the field equations and Bianchi constraint for both isotropic and anisotropic perfect-fluid sources.
In this section we focus on the case where the physical metric is assumed to be of an anisotropic Bianchi I form while the reference metric is FLRW and flat; we call this case Bianchi I-FLRW. We show that for any choices of the matter source, isotropic or anisotropic, the Bianchi I-FLRW combination does not satisfy the conditions of the theory and is therefore not a consistent solution.
The metrics for this particular case have the forms
where d x 2 = dx 2 + dy 2 + dz 2 , and x, y and z are Cartesian coordinates. Here, a 1 , a 2 and a 3 are the g-metric scale factors along different directions, and b is the f -metric scale factor. The equation of motion for f µν gives, independently of the matter source for the g metric,
From eqs. (50) and (51) we see that a 1 = a 2 , while eqs. (51) and (52) imply that a 2 = a 3 ; therefore a 1 = a 2 = a 3 . This means that the physical metric is forced to become isotropic. Therefore, using only the f -metric equation of motion and no other equations or conditions of the theory, we can conclude that one cannot have a Bianchi I physical metric while the reference metric maintains its FLRW form. Since f µν is not sourced by matter, our conclusion is general and independent of what form the matter source takes.
E. FLRW-Bianchi I combination
Isotropic source
Let us now assume that the reference metric takes the Bianchi-I anisotropic form while the physical metric is FLRW and flat; we call this case FLRW-Bianchi I. This means that each direction has a different scale factor in the f metric. The metrics therefore possess the forms
Here, a is the scale factor for g µν , and b 1 , b 2 and b 3 are the f -metric scale factors along different directions. In addition, let us assume that the matter source, which couples to the physical metric g µν , is a homogeneous and isotropic perfect fluid. The stress-energy-momentum tensor has therefore the form given in eq. (26) .
For the metric forms (53) and (54), the g-metric Einstein equation (3) 
It is straightforward to see from these equations that b 1 , b 2 , and b 3 are equal. This means that if we initially assume an anisotropic form for the reference metric while the physical metric and the matter source are both assumed to be isotropic, the structure of the Einstein equations automatically forces the reference metric to also be isotropic.
Anisotropic source
Let us know relax the isotropy condition on the matter source and study the FLRW-Bianchi I scenario when the physical metric is coupled to a source which is anisotropic and of a Bianchi I type. The stress-energy-momentum tensor in this case takes the form
where the components of the fluid pressure, p 1 , p 2 , and p 2 , are allowed to be different along different directions and therefore create anisotropy in the fluid. It follows from the Bianchi constraint (7) that in this case the f -metric lapse X(t) is given by (here all the variables depend only on t)
The Einstein equation for g µν gives 3ȧ 2 a 2 − ρ = β 0 + β 1
and the f -metric Einstein equation gives
From eqs. (64)- (67) we see that because of the anisotropic matter source, b 1 , b 2 and b 3 satisfy different algebraic equations and can therefore be different from each other. Eqs. (68) form a set of second-order differential equations with respect to b 1 , b 2 and b 3 . Each equation has two independent solutions and therefore in spite of the fact that b 1 , b 2 and b 3 satisfy the same differential equation, in general they can be different. We can therefore conclude that the combination FRLW-Bianchi I in the presence of an anisotropic matter source is in principle possible.
IV. CONSISTENCY OF SOLUTIONS WITH ONLY ONE PERTURBED METRIC
In the previous sections we explored various combinations of cosmologically interesting metric types for the two metrics of the theory of massive bigravity. Our investigation was however only at the level of the background dynamics of the Universe. In this section we study some other interesting cases where perturbations around the background metrics are considered.
Perturbations are clearly crucial for cosmology and it is therefore interesting to ask whether there are any consistent, non-standard ways to perturb the metrics. In all the previous works on the perturbative analysis of bigravity a standard recipe has been followed: the background metrics have been assumed to be FLRW and both the physical and reference metrics have then been perturbed around the FLRW solutions. As stated in section I, our main motivation in this paper has been to try alternative solutions which might be free of various instabilities which appear in bigravity models at the level of perturbations. It would therefore be interesting if one could avoid the instabilities by finding alternative ways of perturbing the metrics. In addition, the usual perturbation equations are very complicated and it would be very helpful if one could find a way to simplify the equations. One of such approaches could be to work with solutions which leave the reference metric unperturbed while the physical metric is perturbed as usual. This scenario is physically justified because the reference metric does not couple to the matter components and cannot be measured directly from observations; the reference metric affects our observables only through its interactions with the physical metric. In what follows we analyze the consistency of this possibility using both scalar and tensor perturbations.
Let us start with scalar perturbations up to linear order for both metrics. For simplicity we assume both metrics to be of the flat FLRW type. Including only scalar perturbations and using the notations of Ref. [68] , the line elements for the perturbed physical and reference metrics g µν and f µν have the forms
Here a and b are the scale factors corresponding to g µν and f µν , respectively, X is the lapse for f µν , and the perturbation quantities {Ψ g,f , B g,f , Φ g,f , E g,f } are allowed to depend on both conformal time η and space. Spatial indices are raised and lowered by the Kronecker delta. In this section a dot denotes a derivative with respect to the conformal time η.
In order to write down the expression for the perturbed matter stress-energy-momentum tensor, we assume a perfect fluid with an equation of state p = wρ. In addition, we describe the matter perturbations with only one scalar field χ. This procedure has been proposed in Ref. [87] . With these assumptions and conventions we have
where we sum over indices l. Following Ref. [69] and after some useful gauge fixing and transformations developed in Ref. [88] , we set Φ f = χ = 0 and arrive at the first-order perturbation equations
where we have defined
Note that r in this section is not the radial coordinate. Let us now assume that only the physical metric g µν is perturbed, i.e. all the perturbative quantities for f µν , {Ψ f , B f , Φ f , E f }, are vanishing. Looking at eqs. (76)- (78) we find
From eqs. (82)- (84) it is clear that the g-metric scalar perturbations, B g , Φ g and E g , should vanish (which in turn implies, using eq. (75) , that Ψ g should also be vanishing) unless the quantitiesZ and Z are both vanishing. In order to prove that the latter cannot be the case let us now assumeZ = 0. In this case we have
On the other hand, we know from the Bianchi constraint (7) that at the background level X satisfies the condition
If we now insert the value of X from eq. (86) into eq. (85) we obtain
Finally, by integrating eq. (87) over conformal time we get
where C is an arbitrary constant. We however need to assume Z = 0 in this case, which then implies C = 0. The condition (88) with C = 0 requires r to be a constant and given by a particular combination of the parameters β 1 , β 2 and β 3 . From the background equations of bimetric gravity [68] one realizes immediately that this condition implies that the Universe is in a de Sitter state (or, trivially, that a = b = 0). Let us now study the opposite scenario, i.e. where only the reference metric f µν is perturbed and the physical metric remains unperturbed. In this case the g-metric perturbations {Ψ g , B g , Φ g , E g } are vanishing. Now eqs. (72)- (75) imply
From eqs. (89)- (92) we can again conclude that the f -metric scalar perturbations should also vanish in this case (note that Φ f is already vanishing due to our gauge choice), unless bothZ and Z are vanishing. The latter case again corresponds to a de Sitter universe where r = const. We can therefore conclude, based on both cases studied here, that for any cosmological configurations different from a pure de Sitter universe, the possibility that only one of the two metrics is perturbed is excluded at the scalar level. A similar analysis can be done using tensor perturbations. The line elements for the physical and reference metrics in this case take the forms
where h g,f ij are the tensor perturbation quantities and are in general functions of space and conformal time η. These quantities satisfy the relations
for both h g and h f ; here we again use the Kronecker delta to raise or lower spatial indices. In a perfect-fluid model there are no tensor perturbation modes in the stress-energy-momentum tensor, and as a result, the right hand side of the perturbed Einstein equation for g µν vanishes. Because of the conditions (95) we have only two degrees of freedom for each h ij which are fully decoupled and satisfy the following first-order perturbation equations in Fourier space:ḧ
As in the scalar case discussed above, we now assume that only the g metric is perturbed while the f metric is unperturbed (the argument is identical if we assume instead that only f µν is perturbed); this means that h f = 0. From eq. (97) it is straightforward to see that the g-metric tensor perturbation h g should also vanish, unless the quantityZ is vanishing. This corresponds to the condition (88) , but contrary to the scalar case, here C is an arbitrary constant and is not required to vanish in order for the g and f tensor perturbations to decouple. One obvious solution is however again the case where C = 0, i.e. a purely de Sitter universe which does not correspond to the real universe. The only nontrivial class of solutions for which the tensor modes decouple while the scalar modes are still coupled is the case where C is nonvanishing. Whether or not these solutions are cosmologically interesting remains to be investigated; we leave this for future work.
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V. CONCLUSIONS
One of the problems of contemporary cosmology is that there are very few, if any, well-studied, and well-motivated alternatives to the standard model that are viable and distinguishable from ΛCDM. Massive bigravity models (e.g. the particular model discussed in [68] ) could be one of such rare cases if the problem of perturbation instability ( [69, 70] ) could be overcome. However most studies of bigravity models confined themselves to homogeneous and isotropic metrics with no or identical spatial curvatures. Before ruling out bigravity cosmology one should therefore see if the problems could be solved or alleviated when a different geometry is chosen. This paper was devoted to addressing this question by scanning several relatively simple possible metric combinations in search for consistent cases. Future work will be necessary to actually solve the equations for some of such cases and identify cosmologically viable ones.
We however found that there are only a few metric combinations that survive our analysis. In most cases, two different metrics are impossible unless a suitable modification is made to the matter source beyond the standard perfect-fluid assumption. Our results are summarized in Table I . In particular we find that the only alternative combination with standard matter source is an LTB-LTB model (in addition to the Bianchi-Bianchi models previously studied in Refs. [30, 79] ), subject to some constraints. Combinations like FLRW-Lemaître and FLRW-Bianchi I all require either inhomogeneous or anisotropic sources. We also investigated the question of whether having linear perturbations in just one metric is theoretically consistent. We found, not unexpectedly, that there are no consistent cases except for purely de Sitter backgrounds.
Whether any of the surviving combinations give rise to viable cosmological models at both the background and perturbative levels is however entirely to be seen. Table I . List of all metric combinations studied in the present work, as well as a few other interesting combinations studied in the literature.
and × denote consistent and inconsistent cases, respectively. Here, "PF," "Inhom." and "Aniso." stand, respectively, for isotropic and homogeneous (perfect fluid), isotropic but inhomogeneous, and homogeneous but anisotropic matter sources. "Any" stands for a matter source of any type. k is the spatial curvature of an FLRW metric; in cases with explicit indices g and f for k the two metrics are assumed to have different spatial curvatures.
and dΩ 2 = dθ 2 + sin 2 (θ) dφ 2 . We now want to see if it is possible under any conditions to rewrite the metrics in an FLRW form when we transform the coordinates r and t to some new coordinatesr andt. We assume the new and old coordinates to be related as
Under these transformations the g-metric scale factor a and the f -metric scale factor and lapse, b and X, should transform as
X (t, r) →X t ,r ,
b (t, r) →b t ,r .
In order to know how the line elements (A3) and (A4) look like under the coordinate transformations we should first see how dt 2 and dr 2 transform. We have
where an overdot denotes a derivative with respect tot and a prime denotes a derivative with respect tor. Using all
